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Using the Laplace transform method we show an exact solution for the mean free passage time of a
subdiffusive particle, thereby correcting the mistake in our previous j&ss. Rev B62, 6065(2000]. The
time diverges at largé

DOI: 10.1103/PhysReVvE.69.033102 PACS nunid)er05.40—a, 02.50--r

Anomalous diffusion is a widely investigated phenom- The time-Laplace transform of E@2) converts this par-
enon with an increasing number of applications in differenttial differential equation into the ordinary one,
areas of sciencésee Refs[1], [2], and hundreds of refer-

ences therein Although the asymptotic solutions of the 9?P(X,S) dP(x,s) w1

boundary value problems can be easily obtained by different a5z~ Fa—— =S"P(X,5) =" 28(X—Xo).
methods, the derivation of an exact solution is a challenging (4)
task. From a few existing methods for the solution mention

should be made of the use of Fox functidr¥4], integral Equation(4) has been solved separately in two intervals,

transformations based on the continuum time random walle, for 0=<x<xy and P, for xo<x<L, with matching con-
[5], and Laplace transformationg]. The latter method ditions atx=Xx, yielding to[6]
which was successfully applied to the normal diffus|ai,

offers such advantages as simplicity and a derivation of exact exd F,(X—Xg)/2D ,]sini y(L —Xg)]sinh( yx)
solutions by the inverse Laplace transformation. In our pre- P1(X,8)= s *Zginh(yL) ,
vious work[6] the exact solution of the Laplace transformed (5)
Fokker-Planck equation was obtained correctly; however, for ex] F (X—%)/2D JsinH y(L —x)]sinh yx,)

the special case of subdiffusion the inverse Laplace trans-P,(x,s)=
form was performed incorrectly which resulted in the wrong
answer. This fact was pointed out by Yuste and Lindenber
[8] who, however, did not provide an exact expression fo
the mean free passage time. The latter is obtained in thi , k v X
comment, thereby correcting our previously publiseli — 2€r° drift caseF _,#0, are quite similar but shghtly more
erroneous result for this special case. cumbersom_e. Th_e Laplace transform of the survival prob-
The mean first passage tifigMFPT) is the time needed 2Pility S(s) is defined as
for a stochastically moving particle to reach one of the two
absorbing boundaries=0 or x=L, when initially it was 5(3)251(5)+52(5):f
located at some point, in the interval (0,.). It can be 0
shown[9] that T is expressed, in terms of the probability (6)
density functionP(x,t), as

st sinh(yL) ’

r%vhere y=s?D Y2 For simplicity we consider hereafter
anly the zero drift caser ,= 0. The calculations for the non-

L
Po(x,S)dx+ f P,(x.5)dx.

X0

X

On replacing Eq(5) with F,=0 into Eq.(6) and performing
integration, one obtains

T= foocdts(t)z foxdtfodeP(x,t), (1)

cosr{% (L—2xq)
whereS(t) is the so-called survival probability. S(s)= S 1- r( L) . (7)
cos

The functionP(x,t) can be found from the solution of the >

Fokker-Planck equation, which for the case of subdiffusion

has the fractional fornp1,2 ) _ . .
as the fractional forn,2] Finally, substituting Eq(7) into Eq. (1) yields

P__ o P 02P+ . ) y
ae = Fax PPege iy o @ L e [ dsexssy cos%(L—zXo)
| . |
. . L . 27 Jo c S yL
with a<1. The fractional derivative in Eq2) is understood cosh —
in terms of the Riemann-Liouville integral,2] 2
JP(X,1) 1 9 (tP(X7) s
i i ’ y= : (8)
A T(l—a) at fo(t—r)“dT' © JD,
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where the contou€ is the usual Bromwich contour for the passage time, one has to find the asymptotic value of the

inverse Laplace transform. integrand in Eq(8) for s—0 (ort— =), and then to perform
The full calculation of T presents no problem. One can an integration ovet, which immediately gives

perform the inverse Laplace transform numerically or ana-

lytically, bypassing the branch poist=0. To this end, one TtHx%tl—a*’ 9)

has[10] to transform the Bromwich contour, which is paral-

lel to the Imaginary axis, to the cpqtour composed of tWoi.e., sincea<1, the mean free passage timdor subdiffu-

arcs of radiusk centered at the origin, and of archalso

: - . L sion diverges at large
an a gente(; ?t ong;]n, and, fmatl:?/, E’ go to ;hetlmggs (2) For normal diffusion(a=1) there is no branch point at
—eean r—; .thn suc I"’.‘ rtnannler h'eh romgwc Im Iegt 4 usi s=0. Thes integral for this case is included in the table of
rearranges to e usual integral which can be calcuiated UsiNga¢ 110) and one finally obtaing6] the well-known result
the steepest-descent approximation. We will show these cal-

. ! . . =Xo(L—Xg)/2D.

culations elsewhere, noting here only two important points.

(1) In order to find the asymptotic value of the mean free | am grateful to E. Barkai for very useful discussions.

[1] R. Metzler and J. Klafter, Phys. Rep39, 1 (2000. [8] S. B. Yuste and K. Lindenberg, preceeding Comment, Phys.
[2] G. M. Zaslavsky, Phys. Reg71, 461(2002. Rev. E. 69, 0331012004).

[3] R. Metzler and J. Klafter, Physica 278 107 (2000. [9] G. W. Gardiner,Handbook of Stochastic MethodSpringer,

[4] G. Rangarajan and M. Ding, Phys. Rev6E 120 (2000. Berlin, 1997.

[5] E. Barkai, Phys. Rev. B3, 046118(2001). [10] M. R. Spiegel,Schaum’s Outline of Theory and Problems of
[6] M. Gitterman, Phys. Rev. B2, 6065(2000. Laplace TransformgMcGraw-Hill, New York, 1965.

[7] V. Berdichevsky and M. Gitterman, J. Phys28, 1567(1996.

033102-2



